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ABSTRACT

A theoretical model for the removal of aerosol particles by falling columnar ice crystals which incorporates
gravitational, inertial, thermophoretic, diffusiophoretic, and electrostatic mechanisms has been formulated. The
results of this trajectory model, combined with earlier results, determine the collection efficiency for submicron
particles as a flux onto a collector surface for any geometry and due to Brownian diffusion, thermo- and diffusio-
phoresis, as well as electrostatic forcing. The combination of these two models provides scavenging efficiencies
for aerosol particles of radii 0.001 < r < 10.0 pm by columnar ice crystals with associated Reynolds numbers
ranging from 0.5 to 20.0. This quantitative study indicates the effect of particle size, charge, and atmospheric

conditions.

1. Introduction

Field (Starr and Mason 1966; Carnuth 1967; Graedel
and Franey 1975; Magono et al. 1975), laboratory
(Sood and Jackson 1970; Knutson et al. 1976), and
theoretical (Greenfield 1957; Slinn and Hales 1970,
1971; Pilat and Prem 1976, 1977; Grover et al. 1977,
Wang et al. 1978; Wang 1985; Wang and Pruppacher
1980; Martin et al. 1980) studies have indicated that
precipitation processes play a major role in the removal
of suspended aerosol particles from the atmosphere.
Field investigations made by Carnuth (1967), Graedel
and Franey (1975) and Magono et al. (1975) have in-
dicated that falling ice crystals may remove up to fifty
times more efficiently than the equivalent liquid water
content of falling raindrops. So far, field and laboratory
studies have difficulty resolving detailed quantitative
relationships among scavenging mechanisms; however,
theoretical models verified by experimental and other
theoretical results can be used.-

Quantitative studies of the scavenging mechanisms
and the interdependence on atmospheric variables for
aerosol particles of radii 0.001 < r < 10.0 um were
initiated by Greenfield (1957) who performed the cal-
culation of raindrop-AP scavenging efficiencies. Since
then many theoretical studies (e.g., Slinn and Hales
1970, 1971; Slinn 1980; Pilat and Prem 1976, 1977;
Grover et al. 1977; Wang et al. 1978; Wang and Prup-
pacher 1980; Wang 1983a; among others) as well as
experimental studies (Beard and Grover 1974; Wang
and Pruppacher 1977; Lai et al. 1978; Leong et al.
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1982) were carried out. Many of these theoretical
models produced results that agree closely with exper-
imental values. The problem of drop~aerosol scaveng-
ing is therefore relatively well understood. In contrast,
the scavenging of aerosol particles by ice crystals is not
as adequately studied.

Recently a few investigations started to carry out
some theoretical studies of the ice scavenging phenom-
enon (Wang and Pruppacher 1980; Martin et al.
1980a,b; Wang 1985). Martin et al. dealt with planar
ice crystals and provided collection efficiencies for
aerosol radii from 0.001 to 10.0 um. Wang and Prup-
pacher (1980) treated the scavenging of aerosol particles
of radii 0.5 um or less by columnar ice crystals. This
and Wang’s (1985) model are essentially flux models
in which the effect of inertial impaction was not in-
cluded. Since columnar shape is one of the two basic
shapes of ice crystals in the atmosphere and indeed
there are many columnar ice crystals in cirrus clouds,
it is felt necessary to determine the columnar ice crys-
tal-aerosol particle scavenging efficiencies for the entire
aerosol size range. ‘

Motivated by the aforementioned need, a new col-
lection efficiency model has been formulated for the
removal of aerosol particles by falling columnar ice
crystals. This model incorporates computed numerical
solutions for velocity, water vapor, and temperature
fields around seven isolated columnar ice crystals. This
paper discusses the theory and results of this model
coupled to the flux model of Wang (1985).

2. The mathematical model

The present model extends the method of deter-
mining drop-aerosol particle collection efficiency as
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given in Wang et al. (1978) to the columnar ice crystal-
aerosol particle scavenging problem. Two comple-
mentary models which compute collision efficiencies
by columnar ice crystals have been formulated: 1) a
trajectory model for aerosol particles 0.5 um and larger
and 2) a flux model for aerosol particles 0.5 pm and
smaller. The combined trajectory and flux models yield
the collection efficiencies of aerosol particles of radii
0.001 to 10.0 um by columnar ice crystals.

a. The trajectory model

Particle trajectory models are based on Newton’s
second law of motion. The aerosol particle position
relative to the columnar ice crystals, R(¢), is obtained
from the equation of motion:

d’R(t 1
dlz( ) = ; [Fg + F,F. +Fy + Fdj‘]
/4

where m,, is the mass of the aerosol particle, F, is the
buoyancy corrected gravitational force:

6]

Fg = mpg(pp - Pa)/Pp (2)

where g is the gravitational acceleration, p,, is the bulk
density of the particle, and p, the air density.
The drag force of the flow on the aerosol particle is

Fd = _67r77ar1;(vp '— u)/Csc (3)

where 7, is the dynamic viscosity of the air, 7, the aero-
sol radius, v, (=dR/dlt) is the velocity of the aerosol
particle, and u the air velocity. The Stokes-Cun-
ningham slip correction factor, Cy., has been defined
by Junge (1963) as Cy. = 1.0 + alNy,, where a = 1.26
+ 0.40 exp(—1.1/Ny,). The Knudsen number Ny,
= \/r, where \ is the mean free path of the air mole-
cules. -
" The air flow velocity, u, is obtained by solving the
Navier-Stokes equations based on the techniques of
Hamielec and Raal (1969), LeClair et al. (1970), and
Schlamp et al. (1975). The flow past a columnar ice
crystal is approximated by the flow past an infinite cir-
cular cylinder having the same radius and same ter-
minal fall velocity. The seven cases calculated here (Nge
= 0.5, 0.7, 1.0, 2.0, 5.0, 10.0, 20.0) are the same as
those done by Schlamp et al. (1975) and the results
agree very well with theirs also.

The electrostatic force, F., on a particle near a
charged columnar ice crystal is

F.= QyE.. “

Takahashi (1973) has shown that the particle point
charge may be represented as 0, = qr,” where the con-
stant g ranges from 0.2 to 2 esu cm ~2_the latter being
the mean charge values in the thunderstorm condition.
The electric field around a long cylinder, E = —Ve,,
where ¢, is the electric potential, has been given by
Smythe (1968);
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E. = 2Q./¢,/R(?) (%)

where e, is the unit vector in the radial direction and
O = gr.? is the charge per unit length of cylinder of
radius 7.

Thermophoretic force, Fy, arises from a temperature
gradient, VT, and is given by Brock (1962) as

Flh = Cl/rVT (6)

where

Cy = — 12,7, (ko + 2.5k, Nin)ka/
[5(1 + 3Nw)(k, + 2ks + Sk, Ni)P1 (7)

and k, and k, are the thermal conductivity of the air
and aerosol particle and P is the air pressure.

A diffusiophoretic force, F/, is created by a flux of
water vapor and is given by Hidy and Brock (1970) as

Fdf = Cd_/‘vpu (8)
where
Cyy = 6m11(0.74 D, M)/ [(1 + aNin)Mypal  (9)

p» and p, are the density of water vapor and air, and
M, and M, are the molecular weights of water and air;
D,, is the diffusivity of water vapor in air.

The temperature and water vapor density fields are
computed as the solutions to the temperature and vapor
density convective-diffusion equations for each ice
crystal, based on techniques given in Woo (1971).
Computed angular dependent Nusselt number [Nu(©)
= —[dn7/3r)s, nr = (T — To)/(Ts — Ts), s is the ice
crystal surface] and Sherwood number [Sh(®)
= —[31,/0r]s = (ps = Pv,)/(Pus — Puo.)] indicate the
temperature and water vapor density gradients at the
ice crystal surface. These computed values agree with
those in the literature (Dennis and Chang 1969; Woo
1971). ‘ ,

Collision efficiencies of aerosol particles greater than
0.5 pm are determined by the trajectory model if the
particle fields do not affect the ice crystals velocity,
water vapor, and temperature fields. This is justified
by requiring that r,/7, is less than 0.5 (Grover 1980).
The collision efficiency by ice crystal via the trajectory
model is defined as

E =y/(r,+r.) (10)

where y, is the maximum initial horizontal offset from
the vertical axis which yields a trajectory that just grazes
the ice crystal. The ice crystal is assumed to fall with
longer dimension in the horizontal direction. This lin-
ear collision efficiency is the same as that used by
Schlamp et al. (1975) and is also equivalent to the one
defined in Wang (1983b). The latter point can be easily
understood if both the numerator and denominator
are multiplied by the length of the ice crystal, L. The
numerator then becomes the effective kernel K and the
denominator becomes the geometrical kernel K*, and
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Eq. (10) is then formally equivalent to the collision
efficiency defined in Wang (1983b).

Grazing collisions can occur as front and rear cap-
tures. Rear captures occur when there are eddies pres-
ent (R, > 8.5 for cylinders ) or when electrostatic, ther-
mophoretic, or diffusiophoretic forces exhibit an at-
tractive force on the rear half of the ice crystal, causing
a collision to occur. When eddies are present, a collision
is said to occur once an AP is trapped in a circulating
eddy in the wake of the ice crystal. The value for y, is
found by choosing an initial offset value, y; = (y,
+ y4)/2 (y; is initially zero, yj, is initially 2.5 ice crystal
radii), and integrating in time for the resultant trajec-
tory. The initial trajectory is chosen always to miss;
the following offset is determined by bisecting the offset
value, i.e., for a miss y, = y;, for a hit y;, = y;, i is the
particular iteration. A grazing collision occurs when
(¥n — y1)/y: < € then y, = y;. For these calculations
the collision tolerance ¢, = 1074,

b. The flux model

An analytical flux model for the convective diffusion
of aerosol particles less than 0.5 um by ice crystals of
arbitrary shapes has been formulated by Wang (1985).
This model considers Brownian diffusion as well as
electrostatic, thermophoretic, and diffusiophoretic
forcing. Effects due to gravity are negligible in this size
range. The flux density of aerosol particles is given as

jp = nvdrifl - .f—;rDan (l 1)

where 7 is the particle concentration. The drift velocity
is defined as

Vdrift = B(Fe + f}iFtll + f—def)- (12)

The mobility is defined as B = Cy./(67n,r,) and the
Brownian diffusion coeflicient as Dy = Bk, T, k; is the
Boltzmann constant. The thermal and vapor ventila-
tion factors, f;, and f,, are calculated using the empir-
ical formulas of Hall and Pruppacher (1977) and the
Brownian ventilation factor f, is determined by the
same formulas as f, except the Brownian diffusion
coefficient Dy replaces the water vapor diffusivity D,.
Steady-state conditions result in the conservation of
particle concentration, V - j, = 0. The assumption that
the forces are nondivergent and conservative leads to
the steady-state ventilation enhanced convective-dif-
fusion equation,

Varin * Vi — f[,DpV?n = 0. (13)
The boundary conditions to Eq. (13) are ’
n = 0 at the ice crystal surface
n = n,, far away from the ice crystal.  (14)

To solve Eq. (13) the forces are expressed as gradients
of potentials. The electrostatic, temperature, and vapor
density fields can be described by Laplace equations
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V20, =0 (15a)
V2T =0 (15b)
V2p, = 0. (15¢)

Based on (15), a scalar force potential, ¢;, can be de-
fined:

Veor=F,+ Fy +Fy (16a)
where
F.=CNVeo,, C.=-0, (16b)
F,=CNT (16c¢)
Fy = CyVp, (16d)
and Eq. (16a) satisfies the Laplace equation,
Vi, = 0. amn

The solution to Eq. (13) satisfying Eqs. (14) and (17)
is given by (Wang 1983a)

n=ng{exp[B(on —¢/)/ Dl — 1}/

lexp(Beso/ fD5) — 11, (18)
where
@0 =Co/Ce+ fiCu(T,, — Ty)

+ fiCurCup(pooe — Pvs)  (19)

is the total force potential at the surface of the ice crystal
and C, is the capacitance for a columnar cylinder. The
force potential ¢, is set to O at the infinity. The resulting
collision kernel for a particle flux is

1 —
Kr=— — Sﬁ'prp(Vn)ds

‘= —4x B;oC./lexp(Beso/ [yDs) — 11. (20)

In the above derivation, the hydrodynamic effect and
its coupling with other forces are taken care of by the
overall ventilation factors. The collection efficiency is
defined as

E; = K; /K* @1)

where K* = A.V,, for submicron aerosols. The ice
crystal cross-sectional area perpendicular to the fall di-
rection is A, and the terminal velocity is V.

Collection efficiencies are equivalent to collision ef-
ficiencies if it is assumed that there is no rebound of
particles from the ice crystal surface when there has
been a collision.

3. Methods of evaluation

Solutions to Egs. (10) and (20) were computed for
seven columnar ice crystals with Reynolds numbers,
radii, lengths, densities and terminal velocities as listed
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in Table 1. The results presented here correspond to
an atmospheric pressure of 600 mb and an ambient
temperature of —20°C unless otherwise noted. Values
for p,(T) are from the Smithsonian Meteorological
Tables. Values for k,(T') = (5.69 + 0.0177°C) X 107>,
k,(T) = (3.78 + 0.020T) X 1075, \(P, T) = 6.6
X 107%cm (1013.15 mb/ P)(T/293.15 K), Du(P, T)
=0.211(7/273.15K)1.94(1013.25 mb/ P), and 5,(T)
=(1.718 + 0.0049T — 1.2 X 107°T?) X 107*, T (°C)
< 0, are from Pruppacher and Klett (1978). The bulk
density of the columnar ice crystals and the aerosol
particles are 0.6 and 2.0 g cm 3 respectively, unless
otherwise noted.

4. Results and discussion

Figure 1 indicates collection efficiencies of particles
0.001 < r, < 10.0 pm by columnar ice crystals with
0.5 < Mg < 20.0. The relative humidity is 95% with
respect to ice. (All relative humidities present here are
with respect to ice.) It is seen that particles less than
0.9 pm have increasing collision efficiencies for de-
creasing Ng.. Particles greater than 2.0 um exhibit the
opposite behavior. The increase in efficiency for de-
creasing Ng. for 7, < 0.5 um is due to the fact that
Brownian diffusion is more effective the smaller the
collector. The observed increase in efficiency for in-
creasing Ny, for 7, > 2.0 um is due to the increased
contribution from the inertia term. In this case, as Ng,
increases, the corresponding flow velocity, u, increases
and the value (u — v,) in F4 also increases.

Figures 2a—g indicate the collection efficiencies at
0.5 < Ng. < 20.0 for aerosol particles of 0.001 < Ty
< 10.0 pm with different relative humidities: curve 1)
95%; 2) 75%; and 3) 50%, without (solid curve) and
with (dotted curve) charge (with “e” label). In these
figures, gravitational, inertial, electrostatic, thermo-
phoretic and diffusiophoretic forces as well as Brownian
diffusion are present. Through choice of the three hu-
midities, the temperature and water vapor dependence
of the thermo- and diffusiophoretic forcing mechanism
is highlighted in these figures. It is seen that phoretic
forcing occurs in subsaturated air for particles of 0.01
< 1, < 2.5 pm. The magnitude of this forcing increases
with decreasing relative humidity and for decreasing
Nge. It should be noted that thermophoresis is toward

TABLE 1. Columnar ice crystal characteristics.

Pc Vo
Nre  re(pm) 1. (um) (gcm™) (cms™) Qg (esucm™)
05 327 93.3 0.6 1221 —2.139 X 1075
07 366 1126 0.6 1526 —2.679 X 1075
1.0 415 1383 0.6 1922  —3.445 X 107
20 534 2374 0.6 29.87 —5.703 X 1075
50 772 5149 0.6 51.65 —1.192 % 107
100 1067  1067.1 0.6 7476 —2.277 X 107
200 1464 24400 0.6 108.98 —4.287 X 10~
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FIG. 1. Variation of collection efficiency for aerosol particles
by columnar ice crystals of various Reynolds numbers at 600 mb,
253 K.

the ice crystal surface when it is cooler than the ambient
surroundings, while diffusiophoresis acts outward from
the crystal surface under the same condition (this is
the case for a falling columnar ice crystal). When r,, is
less than 1.0 um, F,, is greater than F,/; while for 7,
greater than 1.0 um, F,, is less than F,,. The greatest
net inward phoretic forcing (F,;, + F,/) is seen to occur
for particles slightly less than 1.0 um.

The effect of electric charges is shown as lines labeled
with (e) after the curve number. In each case ¢ = 2 esu
cm ™2, which corresponds to measured electrostatic
charge on drops in a thunderstorm (Takahashi 1973).
The presence of electrostatic charges is seen to increase
the collection efficiency for high relative humidities and
only slightly raise the efficiency for low relative hu-
midities, where the efficiency is already quite high in
comparison to the high relative humidity values. The
electrostatic effect increases with the square of increas-
ing aerosol particle and ice crystal radii.

The observed zero scavenging zone (ZSZ) within
the Greenfield Gap in Fig. 2 occurs as the sum of the
radially directed forces, F, + F, + F,, + F,, approaches
zero. Nonzero scavenging values appear as (F, + Far)
is increased in magnitude. As the Ny, decreases, the
width of the zero scavenging zone increases in the di-
rection of increasing particle size; that is, at 600 mb
with 95% relative humidity, for Ng. = 10 the zero scav-
enging zone is between 1 and 1.5 um, for Ng. = 5 the
ZSZ is between 1.5 and 2.5 um, for Ng. = 1 the ZSZ
is between 1.5 and 4. um and for Ng. = 0.5 the ZSZ
is between 1.5 and 7.5 pm.

Figure 3 illustrates the collision efficiency depen-
dence on particle density. Particle density effect is not
important for sub 0.5 um flux calculations; however,
it becomes very significant for supra 0.5 um trajectory
calculations. In general, increasing particle density in-
creases collision efficiency for r, = 1.5 um. However,
for r, < 1.5 um, the curves are crossing each other, and
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the efficiency decreases with increasing density. Pre-
sumably this is due to the weakening inertial effects.

Figure 4 shows the effect of temperature on scav-

enging efficiency. Increasing temperature increases the
efficiency for 7, < 1.0 um. For ¥, > 2.0 um the opposite
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is true. Increasing temperature for minimal phoretic
forcing will bridge the zero scavenging zone. Variations
in pressure are in the same direction as temperature.
This is illustrated in Fig. 5 where the collision efficiency
for a columnar ice crystal with Ng. = 10 is shown for
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FIG. 2. (Continued)

several pressure-temperature levels in the atmosphere.
Figure 6 shows a comparison of the columnar ice crys-
tal-aerosol scavenging to drop-aerosol scavenging at a
900 mb level. The ice crystal-aerosol results are for a
temperature of 268 K while the drop-aerosol results
are for 283 K; both are at 95% relative humidity but
with respect to ice and with respect to water, respec-
tively. These results, which are plotted as a function
of their equivalent geometric kernels K* (see Wang
and Pruppacher 1980, for a discussion of K*), indicate
that columnar ice crystals scavenge more efficiently
than drops across the Greenfield Gap except in the
region of the zero scavenging zone. This scavenging
zone, which is also seen in the drop-aerosol scavenging
(Wang et al. 1978), as well as ice plate—aerosol scav-
enging results (Martin et al. 1980a,b), is wider and oc-
curs over a greater geometric range for columnar ice
crystals.

5. Experimental verification of theoretical results

Experimental verification of the theory is difficult to
obtain. However, a recent experimental study by Sauter
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FIG. 3. Collection efficiency as a function of aerosol particle density
at 1.0, 2.0, 3.0, and 5.0 gm cm ™ at 600 mb, 253 K and 95% RH.
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FIG. 4. Collection efficiency of aerosol particles by a columnar ice
crystal with Ng. = 10.0 at 600 mb, 95% relative humidity. Curves
represent temperature and electrostatic charge: 1) 253 K, 2) 263 K,
3)273 K and ¢) ¢ = 2 esu cm 2.

and Wang (1989, accompanying paper in this issue)
has yielded efficiency values by columns and needles
for aerosol particles of 0.75 pm radii at about 1000 mb
and 0°C, and with a relative humidity of 85% with
respect to ice. These results are shown in Fig. 7 along
with theoretical solutions that correspond to the same
atmospheric conditions. It is understood here that due
to the many experimental difficulties and nonideal
conditions (for example, the crystals are rarely exactly
columnar), an exact comparison is not possible. The
only parameter that can be used as the basis of com-
parison is the crystal length. Nevertheless, comparison
of theory to experiment for this single particle size and
atmospheric conditions shows that they are in the same
general magnitude range. Moreover, both show a trend
of decreasing efficiency with increasing crystal dimen-
sion.
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FIG. 5. Collection efficiency as a function of pressure-temperature
levels by a columnar ice crystal with Npe.= 10.0 and 95% RH. 1)
600 mb, 253 K, 2) 700 mb, 263 K, 3)'1013 mb, 273 K.
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FIG. 6. Comparison of collection efficiencies of aerosol particles
by water drops (900 mb, 283 K, solid) and columnar ice crystals
(700 mb, 263 K, dotted) for particle radius: 1) 0.1 gm, 2) 0.01 pm,
3) 0.001 um, 4) 10 pm. Label C represents crystal and label d rep-
resents drop. Relative humidity is 95% (see text for explanation).

6. Conclusions

A combined numerical and analytical model that
investigates the scavenging efficiencies of aerosol par-
ticles by columnar ice crystals has been presented. It
was shown that relative humidity, temperature, pres-
sure and electrostatic charge variations can alter the
collection efficiency across the Greenfield gap. The
foregoing study quantitatively indicates increasing ef-
ficiency for decreasing relative humidity and/or in-
creasing temperature, pressure and electrostatic charge.
The presence of a zero scavenging zone for flows with
R, <20 was observed for particles 1.5 to 2.0 um which
is seen as a cancellation of radially directed forces. This
gap is seen to increase with increasing pressure and
with decreasing temperature.
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This is the first quantitative model to indicate the
removal of the wide range of particles by columnar ice
crystals with accurate velocity, water vapor and tem-
perature fields. Many improvements are possible in the
future; for example, calculating the actual three-di-
mensional fields of flow past finite columns and using
them to determine the trajectory. In addition, more
experimental studies are definitely needed for verifying
the theory.
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